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 
Abstract—Modulated metasurface (MTS) antennas with 
broadside beam rely on the interaction between a radially 
modulated equivalent impedance and a surface wave (SW) with 
cylindrical wave-front, launched by a point source. At the 
frequency where the SW wavelength matches the period of the 
impedance modulation, the -1 indexed (leaky) mode of the 
Floquet-mode expansion in cylindrical-coordinates provides a 
broadside beam. The mismatch between the SW wavelength and 
the period of the modulation imposes a limitation on the product 
bandwidth-gain. Here, we overcome this limitation by 
exponentially stretching the radial period of the impedance 
modulation. Doing so, an annular active region is generated on 
the antenna aperture, which moves from the antenna center to 
the circular rim as the frequency decreases. This mechanism 
enables a broadside beam over an extreme large bandwidth. We 
therefore extend significantly the applicability of these antennas, 
e.g., to requirements of 30 1.5 dB  gain over 30% bandwidths.
Here, an analytical formulation is proposed to treat the active 
region migration and edge outgoing by a Fresnel-type transition 
function. This function predicts in closed form the antenna 
bandwidth and average gain. A more accurate gain versus 
frequency response is also introduced by an integral formula that 
accounts for the frequency dependent amplitude distribution of 
the aperture fields. The theory is validated by full-wave 
simulations and by measurements of a prototype realized by sub-
wavelength elliptical patches. The presented results show that 
these antennas can provide a performance difficult to reach by 
any other flat antennas based on printed technology.  
Index Terms—metasurface antenna, surface-wave broadband 
antenna, circular polarization, leaky waves, impedance boundary 
conditions. 
I. INTRODUCTION 
ETASURFACES are often defined as the two-
dimensional equivalent of metamaterials, and allow one 
to achieve unusual reflection/transmission properties of space 
waves [1]-[5] and/or to modify the dispersion properties of 
surface/guided waves [6]-[11]. The latter phenomenon has 
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been applied to design a new generation of ultra-flat antennas 
[12]-[20], named modulated MTS antennas. They have 
attracted a lot of interest due to their low-profile, light weight, 
and simple feeding scheme. Typically, they consist of a 
textured surface made of either sub-wavelength patches 
printed on a grounded substrate or conductive pins protruding 
out of a metallic ground [21]-[22]. The MTS constitutive 
elements are arranged in a regular grid, and serve to synthesize 
modulated reactance patterns that enable the control of both 
the amplitude and phase of the aperture fields. In general, a 
surface-wave (SW) is gradually transformed into a leaky-wave 
(LW), owing to the SW interaction with a periodically 
modulated reactance. The modulation is tailored so the “-1”-
indexed mode in the Floquet expansion of this periodic 
problem is located in the visible region. The sub-wavelength 
dimensions of the constitutive elements lend these antennas 
unique characteristics in terms of lightness and flatness, which 
renders them very appealing for space applications [16]. 
Moreover, current design methods for modulated MTS 
antennas are very effective and allow us to meet demanding 
capabilities such as high efficiency [23], dual polarization 
[24]-[25], beam shaping [26]-[27], multiple beams [28]-[30] 
and dual-band operation [31]-[32]. In turn, the multilayered 
MTS in [33] helps to improve the scanning range of 
frequency-scanning antennas. The 3-dB bandwidth (BW) of 
the single-layer MTS in [33] goes from 8.35 to 13.6 GHz with 
a scan angle ranging between 5º−63º. Unlike the work in [33], 
we want to maintain a fixed broadside beam while extending 
the bandwidth. To this end, we propose the use of a non-
uniform modulation period. 
The main drawback of conventional MTS antennas is their 
limitation in terms of product bandwidth gain. In particular, 
circular apertures with period d of the MTS modulation 
independent of the radial coordinate provide broadside high 
gain at the frequency where d matches the wavelength of the 
exciting SW. One can estimate the bandwidth as in [34], 
where an optimal choice of the amplitude modulation index m 
is assumed for antennas with radius a>3λ0 (with λ0 being the 
free-space wavelength at the center frequency f0). Then, the 
fractional bandwidth is given by Δf/f0=1.2(a/λ0)(vg/c), where c 
is the speed of light in free space, and vg is the group velocity 
of the SW at f0 when it propagates along a uniform average 
impedance. In addition, the aperture gain in absence of losses 
(directivity) is G=(2πa/λ0)2(a/λ0)/(a/λ0+2), for an optimal m 
[34]. In the case of electrically large antennas, the latter 
expressions provide a fractional bandwidth gain product 
approximately equal to 47(a/λ0)(vg/c). Practical values of Δf/f0 
may vary between 3% and 9% when the antenna gain goes 
from 40 to 28.5 dBi (see Fig. 5 in [34]). The previous 
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expressions are only valid for the case of uniform period d. In 
this paper, we will disregard this assumption to obtain 
expressions for the more general case of a non-uniform 
modulation period. 
The main reason for the bandwidth limitation is the 
mismatch between the periodicity of the modulation and the 
dispersive variation with frequency of the SW wavelength. 
This variation is mostly due to the dispersion in the substrate, 
and provokes a gradual reduction of the antenna gain at 
broadside. Nonetheless, one can improve the bandwidth by 
modifying the period of the equivalent reactance patterns on 
the MTS aperture. In the approach proposed here, the 
periodicity of the modulation is exponentially varied within a 
proper range along the aperture radius. This way, it is possible 
to locally maintain the coherence between the SW wavelength 
and the modulation period, thus keeping the desired pointing 
direction over a broader frequency range. We will apply this 
method, without any loss of generality, to the design of MTS 
consisting of sub-wavelength patches printed on a grounded 
slab. 
The presentation is structured as follows. Section II 
establishes the reactance model adopted in the analysis. 
Section III analyzes the antenna efficiency in the SW 
wavelength domain by using an active-region formalism. This 
analysis assumes that the -1 indexed Floquet wave has 
constant amplitude on the surface, which leads to simple 
design formulas. Despite the impossibility of realizing this 
condition in practice, the closed form formulas obtained for 
this ideal case are very useful to carry out an initial design. In 
Section IV, we eliminate the assumption of uniform power 
density, introducing a more accurate model. This model relies 
on the definition of an equivalent canonical problem that 
locally matches the amplitude and phase of the reactance. 
Section V presents a validation of these formulations by full-
wave Method of Moments (MoM) simulations of the 
homogenized impedance plane. In the same section, the ideal 
impedance is synthesized by small elliptical patches, and the 
resulting design fabricated and tested to demonstrate the 
feasibility of the concept with a realistic example. Conclusions 
are drawn in section VI. 
II. REACTANCE MODEL AND SW DISPERSION
The studied modulated MTS antennas consist of circular 
apertures of radius a. In the following, we will represent 
vectors by bold characters, unit vectors by bold characters 
with carets, and tensors by bold characters underlined with 
double-bars. An exp(jωt) time dependence, where ω is the 
angular frequency, is assumed and suppressed. Furthermore, k 
and ζ will denote the free-space wavenumber and impedance, 
respectively. For convenience, we will employ a cylindrical 
coordinate system centered on the circular aperture. Using the 
radial distance ρ and azimuth φ one can define a generic point 
on the aperture as ˆ ˆcos sin    ρ x y . This reference 
system has ˆ ˆ(ρ,φ)  unit vectors. Fig. 1 shows a MTS made of 
metallic patches printed on a grounded dielectric substrate 
with thickness h and relative permittivity εr. The MTS 
constitutive elements are arranged in a square lattice with 
period p. We assume that the MTS cladding is placed at the 
z=0 plane, i.e., at the air-dielectric interface. Although we will 
particularize our analysis to circularly polarized antennas with 
a broadside pencil beam, the obtained results can also be used 
for linearly polarized antennas. 
A. Transparent Reactance Model 
The MTS texture can be modeled by an equivalent reactance 
tensor X , which relates the tangential electric and magnetic 
fields at the homogenized interface as [27] 
(1) 
where zˆ  is the normal to the MTS plane, tE  is the tangential 
electric field averaged at z=0, and 
0 0z z  
H Ht t  represents 
the difference between the tangential magnetic fields on either 
side of the MTS. The discontinuity of H t  at the interface 
accounts for the current J  flowing in the MTS. 
We model the MTS cladding by an anisotropic “trans-
parent” symmetric reactance tensor X , which possesses an 
average  1/
A
A dA X X I , where the integration is 
performed over the circular area A. In absence of losses, the 
symmetry of X ensures the realization feasibility of this ideal 
tensor. The components of X oscillate radially with the form 
     
    
ˆ ˆ ˆ ˆ  cos
ˆ ˆ ˆ ˆsin
X m          
       
X I ρρ φφ
ρφ φρ
(2) 
where m(ρ) is a modulation index, φ is the azimuthal angle and 
Φ(ρ) is the phase of the modulation. From this phase, one can 
define the local period of the radial oscillation as 
    2 / 'd     (see the top right inset in Fig. 1).
Similarly, given the function d(ρ) that defines the local period, 
one may retrieve Φ(ρ) through 
 
 
 
0
2
0d
d
 


  

  (3) 
Fig. 1.  Representation of the reference coordinate system and the 
transparent reactance pattern for the broadband MTS aperture. The source is 
a TM-SW launcher consisting of a vertical electric dipole placed at the 
geometrical center of the aperture. 
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B. SW dispersion and compression factor 
A proper implementation of (3) for broadband operation 
should take into account the variation of the SW wavelength 
with frequency. This variation is due to the dispersion of both 
the MTS and the grounded slab. In the homogenization 
regime, and provided that the MTS constitutive elements be 
non-resonant, we may write the average reactance value 
within a good approximation as 1( )X C 
  . In the range of 
frequency used in these antennas, the capacitance C depends 
on the geometry of the printed element (see the inset in Fig. 1) 
[35]. The reactance is modulated by changing the average 
capacitance C on the surface. To this end, one can gently 
change the dimensions of the printed elements. It is possible to 
prove [35]-[36] that, in a large frequency range, the 
capacitance C can be written as 0 0 ( 1) / 2rC p    , where ν0 
is a geometric factor (typically between 0.5 and 1.5) and p is 
the side of the elementary square unit-cell (see the top-left 
inset in Fig. 1). Using 1( )X C 
  , the dispersion equation 
for the dominant TM SW can be written as 
 
2
2 2 2 2 2 2(2 ) / 2 / 1
( 1) 1
2 3
r sw r sw
r
r
b
h h
b
 
      



 
 


(4) 
where λ = 2π/k is the free-space wavelength, λsw = 2π/βsw is the 
SW wavelength (with βsw being the SW wavenumber), and
0 /p h  . The above equation is obtained by approximating 
the cotangent function in the classical dispersion equation, see 
eq. (1) in [35], by its second order Taylor expansion for small 
arguments. One can observe in (4) that the ratio σ = λsw/λ may 
be expressed as a function of either λsw or λ when the 
parameters εr and   are fixed. 
The geometrical parameter   can be obtained from the full-
wave analysis of a given metasurface element immersed in a 
periodic environment. The quantity σ is a “compression 
factor”, always smaller than one, that serves to transform the 
dependence of the various parameters from SW wavelength to 
free-space wavelength. One can also interpret σ as the SW 
phase velocity normalized to the speed of light. Solving (4) for 
λsw as a function of σ, we obtain 
  (5) 
(6) 
Fig. 2(a) and Fig. 2(b) show the functions gsw-1 and g-1, 
respectively, for several values of εr and for γ = 0.44 and γ = 4. 
III. NON-UNIFORM MODULATION PERIODS AND UNIFORM
AMPLITUDE OF THE -1 MODE 
For the sake of clarity, we divide the presentation of the 
non-uniform modulation period between this section and 
Section IV. In this section, we will assume that the amplitude 
of the -1 Floquet mode remains uniform in the frequency 
range of interest. Although this condition is hard to obtain in 
practice over large bandwidths, it allows us to define a 
reference canonical solution that approximates the average 
gain and the gain bandwidth. This section does not discuss the 
type of amplitude modulation of the reactance needed to get 
this uniform amplitude. The amplitude modulation will be 
treated in Section IV. 
A. Exponential stretching of the modulation period 
The methodology to obtain a broadband response consists 
in compensating the variation of λsw with frequency. To this 
end, we impose an exponential variation of the period d(ρ) of 
the transparent impedance versus the radial distance. This 
exponential function reads as: 
(a) 
(b) 
Fig. 2.  Inverse functions of: (a)  /sw swg h  in (5), and (b)  /g h  in (6) 
for various values of εr and for γ = 0.44 and γ = 4 in ranges of practical 
interest. 
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Fig. 3.  Local period of the modulation as a function the radial distance ρ 
normalized to the antenna radius a, and for different values of the non-
dimensional constant δ. 
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 
 
 
2 1 /1 2( )
1 1
a
d dd e d
d
e e


 

  

   
(7) 
where δ is a non-dimensional constant that defines the speed 
of the exponential growth, while d1 and d2 are the values that 
the local period of the modulation takes at ρ=0 and ρ=a, i.e., 
1 2(0),  ( )d d d d a  . 
One can find the corresponding phase function of the 
reactance by using (7) in (3) with (0) 0  , and solving the 
integral in closed form as 
 
11 2
1 ( )
( ) 2 ln
e a d
dd e d



  

  
   
  
 (8) 
The values of d1 and d2 must be selected to match the SW 
wavelength at the two different frequencies that determine the 
bandwidth. Fig. 3 presents d(ρ)/d1 as a function of ρ/a for 
several values of the parameter δ. The inverse function of d(ρ) 
can also be written in analytical form as 
 
  
 
1
2 1
/ 1 1
ln 1
/ 1
d d ea
d
d d



  

  
(9) 
B. Active region 
The strategy to enlarge the bandwidth is to impose a local 
matching between the SW wavelength and d(ρ) on a given 
region of the circular aperture. Changing frequency implies a 
change of the wavelength-matched area. Therefore, the 
aperture behaves as an active region antenna in which the 
radiation mechanism is quite different from the well-known 
spiral antennas. Indeed, the SW (“0”-indexed Floquet mode) 
couples in the active region to the LW (“-1”-indexed Floquet 
mode), which radiates a broadside beam. Conversely, the 
radiation at broadside is quite low outside the annular active 
region due to the mismatch between the SW wavelength and 
the modulation period. Fig. 4 shows the phase relation 
between the reactance (red curve) and the SW field (blue 
curves) for different frequencies in the range of interest. The 
radius a of the antenna illustrated in Fig. 4 is a=5λsw at the 
minimum frequency and a=10λsw at the maximum frequency, 
while d(ρ) has been calculated by setting δ=5 in (7). The radial 
distance ρ0 represents the point of local phase matching, and it 
is located at the center of the active region. 
The previous active region concept is formalized hereinafter 
in terms of the antenna’s aperture efficiency ε. The effective 
area of the antenna in absence of losses can be written as 
2
effA a    (10) 
where the aperture efficiency ε1 reads as 
 
2
j ( )
4 0
2
4
1 2 /
a
e d
a d a
  

 (11)
The exponent ψ(ρ) in (11) represents the phase of the -1 
indexed Floquet mode, it may be approximated as 
1 Eq. (11) is obtained from the general form in (30) by assuming a constant 
S at the numerator and the function S given by (31) at the denominator. 
 
0
( ) ( ) sw sw d

            (12)
where ( )  is given by (8) and Δβsw is an incremental 
deviation of βsw due to the modulation. One can estimate Δβsw 
as in [26]. Although Δβsw is normally much smaller than βsw, 
the effect of its integration in (12) may be non-negligible in 
the proximity of the antenna rim. The stationary phase point 
condition 0( ) 0  , where the prime symbol indicates the 
derivative with respect to ρ, allows one to identify the center 
of the active region, ρ0. The latter condition can also be 
written as 
0 0( ) ( )sw sw      (13) 
By using (3) in (13), the stationary phase condition becomes 
 0 0/ (1 ( ) / )sw sw sw swd         (14) 
where d(ρ) is given by (7). In other words, the stationary phase 
condition is equivalent to the matching condition of the local 
period with the SW wavelength at a certain frequency. 
According to (10), the length  / 2 / 2effL A a a    is the 
effective radial extension of the active region, illustrated by 
the grey areas in Fig. 4. 
C. Uniform asymptotic evaluation 
The integral in (11) can be evaluated in analytical form by a 
uniform asymptotic stationary-phase approximation for large 
values of the parameter βswa. To this end, the phase is 
approximated around the stationary phase point ρ0 as 
 
2
0 0 0( )        (15) 
where 
1
0 0 0 02
( );   ( )        (16) 
and the double prime symbol denotes the double derivative 
with respect to ρ. We can obtain the following explicit 
analytical expressions for ρ0 and ξ0 as a function of λsw  
Fig. 4.  Modulated reactance function cos( ( ))  (red lines) and SW E-field 
amplitude (blue lines) for several frequencies. The grey areas represent the 
radial extension of the active regions for each frequency, defined as the area 
where the phase of the SW matches the phase of the reactance with a 
predefined tolerance; ρ0 denotes the central radial point of the active region. 
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(17) 
(18) 
where (17) is found using (14) and (9), and ξ(λsw) is found by 
considering that ( ) (2 / ( )) / 2sw d      . It is interesting to
note that both (17) and (18) can be also written as a function 
of the free-space wavelength by just using the compression 
factor in (6) 
(19) 
(20) 
The uniform asymptotic evaluation of the integral in (11) 
yields 
(21) 
where 
 0 0 0 0
1
( , ) 1 j ( )
2
F erfc a      
 
(22) 
and    
2
2 / t
x
erfc x e dt
   is the complementary error 
function. The right hand side of (22) consists of two 
contributions: the first one is associated with the stationary 
phase point (located at center of the active region), whereas 
the second one is related to the endpoint in a. The latter 
contribution is interpreted as a diffracted field that leads to an 
unfocused spill-over of energy. At the higher frequency in the 
antenna bandwidth, the Fresnel-type transition function 
0 0( , )F    goes to unity since the erfc function tends to vanish 
for 0 a  . At the lower frequency in the bandwidth, ρ0 
approaches a and 0 0( , )F    gradually manages the transition 
of the active region out of the edge of the aperture. Using (21) 
in (11) leads to 
 
 
2
0
04
2 0
4
,
1 2 /
F
a d a
 
  



(23) 
The efficiency ε oscillates as a function of λsw around an 
average value. This average is obtained by substituting 
0 0( , ) 1F    in (23). From (17), the condition 2sw d   implies
 sw a   , which makes the argument of the erfc function in 
(22) vanishing; thus, leading to 0 0( , ) 1 2F    . This means 
that the efficiency is reduced of 6dB with respect to its 
average value when 2sw d  . A better condition to identify the
maximum wavelength ,maxsw that gives the lower bound for
the antenna bandwidth is  1 j / 2 1/ 2erfc t  , which 
implies 4/ 9t  . Setting 4/ 9t  in the argument of the erfc 
function in (23) leads to 
 
 
,max
,max
4 / 9
sw
sw
a 
 

 (24) 
In the Appendix we show that it is possible to define an 
optimal value of δ for each d2/d1 ratio. The condition to choose 
the most favorable δ is to get 0 0/   as linear as possible 
with wavelength, and is given by 
2
1
ln 0.984 4.13opt
d
d
 

  
 
 (25) 
Assuming δ=δopt, one may approximate the minimum 
wavelength, which gives the higher operating frequency, as 
,min 11.1sw d  (26) 
In turn, the maximum wavelength ,maxsw , related to the lower
operating frequency, can be obtained by substituting (17) and 
(18) in (24). 
D. Average gain 
In this section, we identify the antenna gain with the 
directivity of the aperture. This identification implies an 
assumption of no-losses and an ideal feeder that provides a 
100% efficiency in the transformation of the accepted power 
to SW power. The reader can find a complete study on the 
efficiency of the feeder and the effect of the losses in [23]. The 
average gain in the bandwidth is estimated as 
 
224 / 2 /ave effG A a      , where ε is given by (23) with 
1F  . The broadside-direction average gain over the 
bandwidth takes the form 
 
 
22
1
1 2 0
4
1 2 /
ave
da
G
d d a a a
  
 
 
 
   
(27) 
In (27), the function between square brackets is quite constant 
with frequency for the value of δ=δopt in (25). Eq. (44) in the 
Appendix shows that (27) can be approximated as 
 
2 2
min
3
2
21
1
4 35
2
1
ln 0.984 4.13
ave
a
G
d
dd
a
d
 

     
  
(28) 
where σmin is the compression factor evaluated at ,min 11.1sw d  .
E. Bandwidth 
To work in the range min max    , see (24) and (26), the
antenna will operate with λsw ranging from 1.1d1 to λsw,max. 
Note that λsw,max does not coincide with d2, since there must be 
an extra space to let the active region sliding out from the 
edge. Indeed, for λsw=d2 the gain is reduced of 6dB with 
respect to the average value in (27). Defining the bandwidth 
parameter B as the ratio between the maximum and the 
minimum frequencies in the band of interest, one has 
max max sw max min
min min sw min max
f
B
f
  
  
   (29) 
where σmax, σmin are the compression factors associated with 
λsw,max, λsw,min. The wavelength λsw,max corresponds to the lower 
frequency of the operating bandwidth of the antenna. 
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IV. FREQUENCY DEPENDENT NON-UNIFORM MODULATION 
PERIODS AND NON-UNIFORM AMPLITUDE 
The analysis presented in Section III is based on the 
assumption that the -1 Floquet mode presents a uniform 
amplitude that does not change with frequency. Such analysis 
is important, since it enables a fast preliminary design with 
simple convenient formulas. However, this uniform amplitude 
condition is quite difficult to obtain for large bandwidths. In 
this section, we present a more accurate model, accounting for 
both the amplitude and the phase variations of the -1 mode 
with frequency. 
A. Amplitude and phase modulation at central frequency 
In a more general case, where one cannot assume the 
amplitude of the aperture fields uniform and constant with 
frequency, we can obtain the efficiency as [23] 
 
 
2
( , )
0
2
0
,
2
,
a j
a
S e d
a S d
    

   




(30) 
where S(ρ,ω) is the power density function per unit surface 
[23] of the -1 mode, which depends on the radial distance ρ 
and on the angular frequency ω. In turn, the phase ψ(ρ,ω) 
maintains the definition in (12), although in (30) we have 
formally introduced the functional dependence with ω in the 
notation. Therefore, the efficiency in (30) depends on the 
frequency due to both the amplitude and the phase of the -1 
Floquet mode. 
In the first instance, we assume that it is possible to 
synthesize, at a center frequency ω=ω0, a profile S(ρ,ω0) 
which is mostly constant and goes to zero only the in 
proximity of the end-points 0 and a, namely [23] 
 
 
 
 
2
2
1 1
0
1 2
0
2
2
4
sin / ; 0.5
,
= 1; 0.5  2
0,
2sin ;
d
d d
S
d a d
S
a d aa
 
 






  
      
 (31) 
Having the amplitude tapered to zero when ρ=a serves to 
avoid the reduction of the antenna gain by spill-over at the rim 
of the MTS. The function S(ρ,ω0) is plotted in Fig. 5(a). For 
convenience, the modulated reactance function cos( ( ))  is 
given in the same figure for a=10d1 and d1/d2=2.6. We can 
also relate the power density function to the radial leakage 
attenuation parameter α(ρ) through [23] 
  00
0
( , ) / 2
,
1
( ', ) ' '
2
sw
o
S
P S d

  
  
   


 
(32) 
where Psw is the power coupled by the source to the SW. 
In order to obtain such a profile of α(ρ,ω0), one can prove 
[26] that the modulation index function m(ρ) of the transparent 
reactance in (2) must present a profile that is approximately 
proportional to ( )  . A more accurate relation can be found 
solving the periodic problem that locally matches the 
periodicity d(ρ) and the modulation index m(ρ) (see inset in 
Fig. 1) and is characterized by the same transparent 
impedance. The solution of this problem provides the complex 
deviation of the “0”-mode wavenumber with respect to the 
wavenumber supported by the constant (non-modulated) 
average transparent reactance X  . The explicit formulation of 
this problem is given in [26], Sect. III and may be formally 
presented through the following functional dependences 
 , , , , rm X d kh     (33) 
 , , , ,sw rB m X d kh     (34) 
Eq. (33) has a formal inversion expression 
 1 , , , , rm X d kh     (35) 
Nonetheless, we do not obtain (35) by functional inversion, 
but through a least-square approximation after the construction 
of a database from (33). This database can be built by using 
the dispersion equation in semi-analytical form (4), which 
requires the extraction of a single parameter from a full-wave 
analysis.  
The profiles of α(ρ,ω0) and m(ρ) presented in Fig. 5(b) 
allow one to obtain the power density function in Fig. 5(a). 
Both α(ρ,ω0) and m(ρ) start from zero and increase up to their 
maximum value, which approximately occurs at the point in 
which the power density function starts to decrease. 
B. Amplitude modulation as a function of frequency 
The efficiency in (30) presents a frequency dependence due 
to both the power density and the phase in the integrals. The 
modulation index m(ρ) can be considered constant when 
changing frequency. Conversely, α and Δβsw change on the 
basis of (33) and (34). Accounting for the variation with 
frequency of α(ρ,ω), we can reconstruct a new S(ρ,ω) profile 
through the inverse formula of (32) (see [26], eq. (46)), i.e. 
    0
1
( , ) 2 , exp 2 ', '
2
SWPS

        
 
   (36) 
Fig. 5.  (a) Power density function at the central frequency (black line, left 
vertical axis) and reactance modulation function (red line, right vertical 
axis). (b) Modulation index function (black line, left vertical axis) at the 
center frequency and value of  0, / k    (red line, right vertical axis). 
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The entire process actually depends on the angular frequency 
ω0, at which we impose the profile of the power density given 
by (31). The value of ω0 is a reference angular frequency 
between the maximum and minimum angular frequencies of 
the bandwidth. The steps followed to recover the profile of 
S(ρ,ω) as a function of frequency can be summarized as: 
( ) ( ) ( ) ( )32 35 3 6
0
3
0( , ) ( , ) ( ) ( , ) ( , )S m S                (37) 
Fig. 6 illustrates the outcome of the process described in (37), 
it shows the amplitude variation of S(ρ) at different 
frequencies for an antenna with radius a=16.6cm. The 
substrate used in these calculations has a thickness 
h=0.635mm, and relative permittivity εr=6.15. The impedance 
at the central frequency of ω0/(2π)=25GHz exhibits a mean 
value 259.8X    , while the modulation index m(ρ) follows 
the profile in Fig. 5(b), and provides the distribution in (31) at 
ω0. The phase of the impedance Φ(ρ) follows (8) with δ 
chosen as in (25). In Fig. 6, one can appreciate that the 
evolution of the power density with frequency follows the 
shift of the active region. For low frequencies S(ρ) peaks at the 
edge of the aperture, it gradually becomes uniform at 25GHz, 
and for higher frequencies S(ρ) is finally more concentrated 
close to the origin. In other words, the amplitude of the “-1”-
mode follows the displacement of the active region, sliding 
inward/outward with the frequency, that is, most of the surface 
power density of the “-1”-mode is concentrated within the 
active region. This is a quite interesting result, and it may be 
justified by the local resonance effect between the surface 
impedance and the SW. 
V. FULL-WAVE AND EXPERIMENTAL TESTING OF THE 
FORMULATION 
In this Section, we validate the formulations presented in 
Sections III and IV. First, we use the full-wave method in [37] 
to calculate the gain versus frequency response and radiation 
patterns obtained with the homogenized transparent 
impedance in (2). Next, we implement these ideal impedances 
with elliptical elements to compare with the radiation patterns 
of an actual structure. 
A. Validation of the Formulations in Sections III and IV 
To test the formulation, we have carried out a full-wave 
analysis based on homogenized impedance. First, Fig. 7 
presents the gain versus frequency response for three different 
configurations on the same substrate, with h=0.635mm and 
εr=6.15. All the analyzed cases provide a broadside pencil 
beam with right-handed circular polarization (RHCP). The 
radius of the antenna in Fig. 7(a) is a=11.1cm, while both Fig. 
7(b) and Fig. 7(c) present results for antennas with a=16.6 cm. 
Fig. 6.  Power density distribution for frequencies below and above 25GHz 
for a MTS antenna with m(ρ) designed at 25GHz, δ=δopt, and a=16.6cm. 
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Fig. 7.  Gain versus frequency responses for three different MTS antennas 
with δ=δopt and: a) a=11.1 cm, d1=7mm and d2=13.7mm, (b) a=16.6 cm, 
d1=7mm and d2=13.7mm and (c) a=16.6 cm, d1=7.21mm and d2=16.02mm. 
Solid blue lines: closed-form transition-function formula for the efficiency 
in (23); dash-dotted blue lines: average gain formula in (27); short dashed 
red lines: eq. (30); black solid line: full wave MoM solution for the 
homogenized impedance. The insets show the bandwidth limits calculated 
with (24) and (26). 
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Regarding the design of the ideal impedance planes, we have 
computed the phase function Φ(ρ) in (2) by substituting in (8): 
d1=7mm and d2=13.7mm for the examples in Fig. 7(a) and 
Fig. 7(b), and d1=7.21 mm and d2=16.02 mm for Fig. 7(c). In 
the three cases, we have used the value of the non-dimensional 
parameter δ computed by (25). The synthesis of the amplitude 
modulation function, m(ρ), has been carried out at 
ω0/(2π)=27GHz for the antenna with a=11.1 cm in Fig. 7(a) 
and the antenna with a=16.6 cm in Fig. 7(b). Conversely, we 
have designed m(ρ) at ω0/(2π)=25GHz for the antenna with 
a=16.6 cm in Fig. 7(c). The transparent impedances calculated 
at the nominal frequencies, i.e., 25GHz and 27GHz, have been 
used in (2) to compute modulated MTS reactance in the 
apertures. 
Fig. 7(a), (b) and (c) show four different plots, which 
correspond to the gain versus frequency responses computed 
with the approximations in the previous sections. The solid 
blue lines were obtained using the closed-form transition-
function formula for the efficiency ε in (23). The dash-dotted 
blue lines were computed using the simple average gain 
formula in (27). The short dashed red lines were calculated 
using (30) and the procedure summarized in (37). Finally, the 
solid black line shows the gain obtained with the MoM 
presented in [37] for circular apertures with homogenized 
modulated impedances. This technique uses an ideal feeding 
scheme, consisting of a vertical electric dipole (VED) placed 
at the antenna center, in the middle of the grounded slab. This 
VED acts as launcher for a cylindrical TM-SW. In this ideal 
case the gain (directivity) is obtained by 
0
4
4
( , )sin
U
G
U d d



    


(38) 
where U(θ,φ) is the power density per unit solid angle radiated 
in the far-field region by the equivalent electric currents 
obtained by the MoM solution. The radiated fields are 
computed by using the Green’s function of the grounded slab. 
Comparing the three cases, one can observe that the 
bandwidth increases for larger values of the ratio d2/d1. 
However, this bandwidth increment is accompanied by an 
oscillation versus frequency, which becomes more apparent 
for antennas with a larger radius. For instance, the amplitude 
of the oscillation around the average value in the gain versus 
frequency response in Fig. 7(a) is ±1.5 dB for an antenna with 
a=11.1cm, while for the 16.6 cm radius antenna in Fig. 7(b) 
this oscillation becomes ±2dB. Besides, it is important to note 
that (30), despite providing a moderately optimistic estimate 
of the lower frequency transition, works very well at the high 
frequency end of band of interest. On the other hand, the 
simple formulas in (27) and (24) and (26) allow one to make a 
fairly accurate estimation of the average gain and the 
bandwidth, respectively. Finally, using (28), one can predict 
Gave=29.7 dB for the case with a=11.1 cm in Fig. 7(a), and 
Gave=30 dB for the case with a=16.6 cm in Fig. 7(b). 
To complete the analysis, Fig. 8 shows the co-polar (RHCP) 
and cross-polar (left-handed circular polarized, LHCP) 
components of the directivity patterns for the configurations 
Fig. 8. Directivity patterns for the antennas in Fig. 7(a) and Fig. 7(b). Left 
and right columns correspond to the configuration in Fig. 7(a) (a=11.1cm, 
d1=7mm, d2=13.73mm) and Fig. 7(b) (a=16.6cm, d1=7mm, d2=13.73mm), 
respectively. Solid blue lines represent the co-polar (RHCP) components, 
while the solid green lines stand for the cross-polar (LHCP) ones. 
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described in Fig. 7(a) and (b). The patterns in the left column 
correspond to Fig. 7(a), while the patterns for the 
configuration in Fig. 7(b) appear in the right-hand side. In 
both cases, we have computed the in-band patterns with a 
1GHz step. One can observe a good stability of the in-band 
pattern or, in other words, that the broadside pointing direction 
is preserved in the whole operating frequency range. 
Moreover, the cross-polarization discrimination is very good 
within all the frequency range of interest. 
On the other hand, this class of MTS antenna trades 
aperture efficiency for bandwidth. To illustrate this tradeoff, 
Fig. 9(a) compares the directivity versus frequency response 
for the antenna in Fig. 7(a) (solid black line) with the 
responses obtained for three narrow-band designs with the 
same radius. These three antennas have been designed at 23, 
26 and 29 GHz with a constant period, and for a maximum 
aperture efficiency. Fig. 9(a) also shows the aperture 
efficiency versus frequency for the broadband design (dash-
dotted black line). The directivity and aperture efficiencies for 
the broadband and for the three narrowband designs are 
summarized in Table 1. In turn, Fig. 9(b), Fig. 9(c) and Fig. 
9(d) present the comparison between the radiation patterns of 
the broadband design and those of the narrow-band antennas 
at 23, 26 and 29GHz, respectively. 
Besides the lower directivity expected at broadside, one can 
observe that the broadband design presents higher side-lobes 
than the narrowband one. These side-lobes are due to two 
factors related to the active region architecture. On the one 
hand, the annular shape of the active region. Indeed, the 
Hankel transform of an annular region with uniform amplitude 
presents higher side-lobe levels than an equivalent circular 
region. On the other hand, the radiation of the non-active 
regions (even if weak) at a given frequency results in side-
lobes. 
Table 1. Summary with the directivity and aperture efficiencies calculated for 
the broadband and narrow-band designs at 23, 26 and 29GHz. 
Broadband Narrow band 
Frequency 
(GHz) 
Gain 
(dBi) 
Aperture 
efficiency (%) 
Gain 
(dBi) 
Aperture 
efficiency (%) 
23 26.8 16.7 33.8 83.8 
26 29.7 25.4 34.9 83.2 
29 30.3 23.5 35.6 78.9 
B. Experimental demonstration 
Finally, we have applied the proposed method to design a 
Ka-band modulated MTS antenna able to provide a RHCP 
broadside beam between 24GHz and 30GHz. We have 
synthesized the ideal impedance boundary condition with sub-
wavelength elliptical patches [9] (see the inset in Fig. 10) 
printed on a Rogers RO3006™ substrate with h=0.635mm and 
εr=6.15, also used in the previous sections. Fig. 10(a) shows 
the fabricated prototype, including a zoom into the elliptical 
patches (center) and into the feeder (right). In turn, Fig. 10(b) 
presents the magnitude of the input reflection coefficient 
calculated with CST Microwave Studio [38] (black line) and 
measured (blue line). Both curves show a reflection coefficient 
lower than -10 dB in the operating frequency range. The 
curves match well, apart from a small frequency shift due to 
the assembly of the broadband feeder. In Fig. 10(c), one can 
see the comparison between the directivity versus frequency 
response calculated with the MoM tool in [37] (grey line), 
with CST (black line) and measured (blue line). The latter 
curves are also in good agreement, except for the slightly 
higher directivity values predicted by the MoM code and CST. 
Fig. 11 presents the directivity patterns in one of the 
principal planes computed within the frequency range of 
interest with a step of 1GHz. Each subfigure shows a 
comparison between the results obtained with the MoM tool in 
[37] (grey lines), also used in Section V-A to validate the gain 
Fig. 9.  (a) Directivity versus frequency responses for: the broadband 
design (solid black line) and the narrow-band designs at 23 GHz (dashed 
grey line), at 26 GHz (dash-dotted grey line) and at 29 GHz (grey line with 
markers). Comparison between the directivity patterns for the broadband 
and narrow-band designs at 23 GHz (b), 26 GHz (c) and 29 GHz (d). 
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Fig. 10.  (a) Fabricated prototype with zooms into the elliptical patches and 
the broadband feeder. (b) S11 in dB: measured (blue line) and computed with 
CST (black line). (c) Directivity versus frequency response: measured (blue 
line), calculated with CST (black line) and computed with the MoM in [37] 
(grey line). 
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formulas, CST Microwave Studio [38] (black lines) and with 
the measurements (blue lines). The antenna has a radius 
a=11.1cm, like the case presented in Fig. 7(a) and in the left 
column of Fig. 8. The directivity patterns obtained with the 
numerical methods are in a very good agreement with the 
measurements, which constitutes an additional cross-check for 
the results in the previous section. 
VI. CONCLUSION
This paper presents a simple method to enlarge the 
bandwidth of modulated metasurface (MTS) antennas by 
varying the period of the modulation along the radial distance 
in circular apertures. We have also introduced two simple 
models to enable an efficient analysis and design of this class 
of antennas. In the first model, one carries out an asymptotic 
evaluation of the integral that approximates the aperture 
efficiency to obtain simple design formulas. The second model 
provides a better accuracy at the expense of a moderately 
higher complexity in the analysis. This analysis implies the 
solution of the canonical problems that locally match the 
modulation, as done in [26] for the flat optics analysis. Both 
models have been validated using the MoM tool in [37] to 
analyze the continuous aperture reactance that provides 
wideband operation. In addition, we have presented full-wave 
simulations and measurements for a design example consisting 
of an 11.1cm radius aperture synthesized with sub-wavelength 
patches printed on a grounded substrate, and excited by a 
realistic feed. The proposed method features a very good 
pattern stability, and a gain versus frequency that can easily 
reach an average gain of 30 1.5 dB over a 30% bandwidth 
(see Fig. 7(b)). Such performance is very difficult to reach by 
flat antennas with comparable technology and costs. This 
achievement extends significantly the range of applications for 
MTS antennas. Nonetheless, as expected, the broader 
bandwidth is obtained at the expense of reducing the aperture 
efficiency and higher side lobe levels. For instance, the 
example in Fig. 7(b) yields an in-band average efficiency 
around 25%. 
Although this work has focused on broadside beams, one 
could also extend the methodology to tilted beams. An 
important additional point consists in controlling the side lobe 
over the bandwidth. Both aspects are subjects under 
investigation for future improvements. 
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APPENDIX 
In (23), the efficiency depends on F(ρ0,ξ0), both ρ0 and ξ0 
are function of λsw. One can also obtain these functions in 
terms of λ through (19) and (20). In the region 
,min ,maxsw sw sw    (delimited by (24) and (26)), and by 
substituting the expressions for ρ0 and ξ0 in (17) and (18), 
respectively, one can write 
Fig. 11 Gain patterns for the broadband MTS antenna prototype presented in subsection B at several frequencies: from 24 to 29 GHz, with 1GHz step. The 
black solid lines and the black dashed lines represent the RHCP and the LHCP components calculated with CST. In turn, the grey solid lines and the grey 
dotted lines represent the RHCP and the LHCP components calculated with the homogenized boundary condition MoM technique in [37]. Finally, blue solid 
lines and blue dashed lines represent the broadband antenna measured gain patterns. 
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where 
(40) 
and   
1
2 1/ 1 1d d e


   . For large values of x, (40) 
exhibits a linear behavior that can be approximated as 
(41) 
where    3ln 2 / / 2 2ln 1 /q     and  2ln 1/b  . Fig. 12
shows the function ( ) / ( )approxf x f x  for d2/d1=2.5 and δ ranging 
from 3 to 5. One can appreciate that for each value of the 
stretching ratio d2/d1, there exists a value of δ for which the 
linear approximation in (41) is valid in a larger range. This 
value provides the larger bandwidth extension towards lower 
frequencies. The value of δ which provides the largest linear 
range is found for any value of d2/d1 by fixing τ=0.016. Such 
choice provides an extension of the region in which ( )f x  in 
(40) can be approximated by the linear function in (41) to 
x=1.1, and a sharp drop-off to zero at x=1. Therefore, the 
condition τ=0.016 leads to an optimal value of δ for any d2/d1 
ratio as 
(42) 
The so-obtained δopt is the optimal choice for maximizing the 
product bandwidth–gain. 
Using δopt in (41) ( )approxf x  becomes 
 3/2( ) 1.97 4.33approx optf x x
  (43) 
Thus, the average gain in (27) can be rewritten as 
 
 
2
2
1
1 2
4
( / )
1 2 /
ave sw
a
G f d
d d a



(44) 
In the frequency range delimited by ,minsw and ,maxsw , Gave
can be well approximated as 
 
 3/2( ) 1.97 4.33sw opt
x
f x x
x

  (45) 
where σ(x) is the compression ratio function in (6). The 
function given by (44) is flat in the frequency range from 
,minsw to ,maxsw . Therefore, the in-band value of (44) can be
calculated at an arbitrary point within the defined bandwidth, 
for instance at the lower corner point min 11.1sw sw d   . 
Substituting 3/2(1.1) 6.5 optf 
 in (44), one arrives to the 
expression (28). 
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